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Abstract. In many practical situations, we would like to maximize (or
minimize) several different criteria, and it is not clear how much weight to
assign to each of these criteria. Such situations are ubiquitous and thus,
it is important to be able to solve the corresponding multi-objective opti-
mization problems. There exist many heuristic methods for solving such
problems. In this paper, we reformulate multi-objective optimization as
a constraint satisfaction problem, and we show that this reformulation
explains two widely use multi-objective optimization techniques: opti-
mizing a weighted sum of the objective functions and optimizing the
product of normalized values of these functions.

1 Formulation of the Problem

Multi-objective optimization: examples. In many practical situations, we
would like to maximize several different criteria.

For example, in meteorology and environmental research, it is important to
measure fluxes of heat, water, carbon dioxide, methane and other trace gases
that are exchanged within the atmospheric boundary layer. To perform these
measurements, researchers build up vertical towers equipped with sensors at dif-
ferent heights; these tower are called Eddy flux towers. When selecting a location
for the Eddy flux tower, we have several criteria to satisfy; see, e.g., [1,5]: The
station should located as far away as possible from roads, so that the gas flux
generated by the cars do not influence our measurements of atmospheric fluxes.
On the other hand, the station should be located as close to the road as possible,
so as to minimize the cost of carrying the heavy parts when building such a sta-
tion. The inclination at the station location should be small, because otherwise,
the flux will be mostly determined by this inclination and will not be reflective
of the atmospheric processes, etc.

In geophysics, different type of data provide complementary information
about the Earth structures. For example, information from the body waves (P-
wave receiver functions) mostly covers deep areas, while the information about
the Earth surface is mostly contained in surface waves. To get a good under-
standing of the Earth structure, it is therefore important to take into account
data of different types; see, e.g., [3,9].

If we had only one type of data, then we can use the usual Least Squares
approach f;(z) — min to find a model that best fits the data. If we knew



the relative accuracy of different data types, we could apply the Least Squares
approach to all the data. In practice, however, we do not have a good information
about the relative accuracy of different data types. In this situation, all we
can say that we want to minimize the errors f;(x) corresponding to all the
observations i.

Multi-objective optimization is difficult. The difficulty with this problem
is that, in contrast to a simple optimization, the problem of multi-objective
optimization is not precisely defined. Indeed, if we want to minimize a single
objective f(x) — min, this has a very precise meaning: we want to find an
alternative o for which f(xg) < f(x) for all other alternatives x. Similarly, if
we want to maximize a single objective f(xz) — max, this has a very precise
meaning: we want to find an alternative xo for which f(xg) > f(z) for all other
alternatives z.
In contrast, for a multi-objective optimization problem

fi(z) = min; fo(z) = min; ...; f,(z) — min (1)

or
fi(x) = max; fa(x) = max; ...; fn(z) — max, (2)

no such precise meaning is known.

Let us illustrate this ambiguity on the above trip example. In many cases,
convenient direct flights which save on travel time are more expensive, while a
cheaper trip may involve a long stay-over in between flights. So, if we find a trip
that minimizes cost, the trip takes longer. Vice versa, if we minimize the travel
time, the trip costs more.

It is therefore necessary to come up with a way to find an appropriate com-
promise between several objectives.

2 Analysis of the Problem and Two Main Ideas

Analysis of the problem. Without losing generality, let us consider a multi-
objective maximization problem. In this problem, ideally, we would like to find an
alternative xo that satisfies the constraints f;(xg) > f;(z) for all objectives ¢ and
for all alternatives x. In other words, in the ideal case, if we select an alternative
x at random, then with probability 1, we satisfy the above constraint.

Main ideas. The problem is that we cannot satisfy all these constraints with
probability 1. A natural idea is thus to find zg for which the probability of
satisfying these constraints is as high as possible. Let us describe two approaches
to formulating this idea (i.e., the corresponding probability) is precise terms.

First approach: probability to satisfy all n constraints. The first approach
is to look for the probability that for a randomly selected alternative x, we have

fi(zo) > fi(x) for alli.



Second approach: probability to satisfy a randomly selected con-
straint. An alternative approach is to look for the probability that for a ran-
domly selected alternative x and for a randomly selected objective i, we have

fi(wo) = fi(x).

How to formulate these two ideas in precise terms. To formulate the
above two ideas in precise terms, we need to estimate two probabilities:

— the probability py(zo) that for a randomly selected x, we have f;(xq) > fi(z)
for all 4, and

— the probability prr(zo) that for a randomly selected x and a randomly se-
lected 4, we have f;(xg) > fi(x).

Let us estimate the first probability. Since we do not have any prior in-
formation about the dependence between different objective functions f;(z) and
fi(z), © # j, it is reasonable to assume that the events f;(z9) > fi(x) and
fi(zo) > f;j(z) are independent for different ¢ and j. Thus, the desired proba-
bility pr(zo) that all n such inequalities are satisfied can be estimated as the
n
product pr(xzg) = [] pi(xo) of n probabilities p; of satisfying the corresponding
inequalities. !

So, to estimate p, it is sufficient to estimate, for every i, the probability p;(x)
that f;(zg) > fi(x) for a randomly selected alternative x.

How can we estimate this probability p;(z¢)? Again, in general, we do not
have much prior knowledge of the i-th objective function f;(z). What do we
know? Before starting to solve this problem as a multi-objective optimization
problem, we probably tried to simply optimize each of the objective functions —
hoping that the corresponding solution would also optimize all other objective
functions. Since we are interesting in maximizing, this means that we know the
largest possible value M; of each of the objective functions: M; = max fi(x).

In many practical cases, the optimum can be attained by differentiating the
objective function and equating all its derivatives to 0. This is, for example,
how the Least Squares method works: to optimize the quadratic function that
describes how well the model fits the data, we solve the system of linear equations
obtained by equating all partial derivatives to 0. It is important to mention that
when we consider the points where all the partial derivatives are equal to 0,
we find not only maxima but also minima of the objective function. Thus, it is
reasonable to assume that in the process of maximizing each objective function
fi(x), in addition to this function’s maximum, we also compute its minimum
m; = mzin fi(x).

Since we know the smallest possible value m; of the objective function f;(x),
and we know its largest possible value M;, we thus know that the value f;(x)
corresponding to a randomly selected alternative x must lie inside the interval
[mi, Mi].

In effect, this is all the information that we have: that the random value
fi(z) is somewhere in the interval [m;, M;]. Since we do not have any reason to



believe that some values from this interval are more probable and some values
are less probable, it is reasonable to assume that all the values from this interval
are equally probable, i.e., that we have a uniform distribution on the interval

This argument — known as Laplace Indeterminacy Principle — can be formal-
ized as selecting the distribution with the probability density p(x) for which the
entropy S = — [ p(z) - In(p(z)) dz is the largest possible. One can check that for
distributions on the given interval, the uniform distribution is the one with the
largest entropy [6].

For the uniform distribution on the values f;(z) € [m;, M;], the probability
pi(xo) that the random value f;(z) does not exceed f;(x¢), i.e., belongs to the
subinterval [m;, f;(zo)], is equal to the ratio of the corresponding intervals, i.e.,

fi(fo) —

to pi(xg) = ﬁ Thus, the desired probability p;(xg) is equal to the

product of such probabilities. So, we arrive at the following precise formulation
of the first idea:

Precise formulation of the first idea. To solve a multi-objective optimization

problem (2), we find a value x¢ for which the product p;(zo) = [] W
i=1 M; —my

attains the largest possible value, where m; 2f min fi(x) and M; 2 max fi(x).
xr T

Let us estimate the second probability. In the second approach, we select
the objective function f; at random. Since we have no reason to prefer one of
the n objective functions, it makes sense to select each of these n functions with

1
equal probability —.

n
For each selection of the objective function i, we know the probability

pi(xo) = W that we will have f;(z¢) > fi(z) for a randomly selected
i My

alternative x. The probability of selecting each objective function f;(x) is equal
1

to —. Thus, we can use the complete probability formula to compute the desired
n

probability prr(xo):

Precise formulation of the second idea. To solve a multi-objective opti-
mization problem (2), we find a value zo for which the expression pyr(zg) =
21 fi(ze) —my

attains the largest possible value.
i=n M —m;

Discussion. Let us show that both ideas lead to known (and widely used)
methods for solving multi-objective optimization problems.

The second idea leads to optimizing a linear combination of objec-
tive functions. Let us start with analyzing the second idea, since the resulting
formula with the sum looks somewhat simpler than the product-based formula
corresponding to the first idea.

In the case of the second idea, the optimized value pyr(zo) is a linear combi-
nation of n objective functions — to be more precise, it is an arithmetic average



of the objective functions normalized in such a way that their values are within
Ly det fi(xo) —my
the interval [0, 1]: Tg) = — - (x0), where f!(zg) = —r——.
interval [0,1]: prr(zo) = —~ ;fz( 0) fi(xo) M, —m,
Maximizing a linear combination of the objective functions is indeed the
most widely used approach to solving multi-objective optimization problems;
see, e.g., [4].

The first idea leads to maximizing a product of (normalized) objective
functions. One can easily see that the first idea leads to maximizing a product

n
of normalized objective functions: pr(zo) = ] f/(x0).
=1

i
Maximizing such a product is exactly what Bellman-Zadeh fuzzy approach
recommends (if we use the product as an “and” operation); see, e.g., [2,8]. It
fits will with our own proposal for such a situation; see, e.g., [5].
This is also exactly what the the Nobelist John Nash recommended for a
similar situation of making a group decision when each participant would like to
optimize his/her own utility f;(z) — max; see, e.g., [7].
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